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Relevant research projects

 U-BROAD 2003-2005: Dynamic spectrum management 
for multichannel DSL systems

 iSMART consortium 2006-2010. Multichannel 
techniques for DSL.

 Game theoretic techniques for wireless communication 
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Stable matching and spectrum allocation
 The channel allocation problem

 Stable matching and the channel allocation problem
– Gale-Shapley theorem

– Uniqueness of the stable matching (for channel allocation)

– Performance bound on the stable matching

 Multichannel opportunistic CSMA and the stable 
matching problem

 Simulations

 Extensions
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Interference is everywhere even in my living room 
wi-scan summary with extensions  - My home

( SSID ) Type [ SNR] BcnIntvl

( DV201AM ) BSS [ 24] 11

( default ) BSS [ 33] 7

( Z1 ) BSS [ 26] 3

( HANSBAL ) BSS [ 8  ] 11

( SkiLodge ) BSS [ 13] 2

( max ) BSS [ 11] 11

( Appie_Happie )BSS [ 10] 6

( Leenders ) BSS [ 9  ] 7

( Sitecom ) BSS [ 10] 11

(  ) BSS [ 7 ] 11
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Signal processing is everywhere
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Objective

Simple distributed channel allocation 
scheme for N users accessing N

frequency selective wireless channels
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Cognitive Radio – Basic Assumptions

 Each user transmits on a single channel.

 cognitive user assumptions

– Each user is aware of network activity on all 
channels 

– Each user knows all ‘his’ sub-channels 
qualities.

– Each user can decide during contention 
window on which channel to transmit
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Problem Definition

 Assume the number N of users equals the number of 
channels.  

 Assume block fading  

 For every let denote the 
utility of user i transmitting on channel j (e.g. the rate).

Assume that the are different and non-negative.

 A matching is a one-to-one function                              .

The total utility of P is: 

 A matching P is optimal if u(P) is maximal.

, [ ] : {1,2,..., }i j N N∈ = iju

:[ ] [ ]P N N→
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Hungarian Method

 The optimal matching is computed by the centralized
‘Hungarian Method’ .  The complexity is .

 Fact:  Maximizing  c*x  subject to Ax ≤ b
is equivalent to its dual LP:

Minimizing  b*y  subject to  A*y = c , y ≥ 0

 By considering our LP as a dual, we get that we need to 
minimize 

v1+…+vN+u1+…+uN

subject to
vn + uk ≥ unk (for all 1≤n,k≤N)

( )3O N
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Stable matching approach to channel allocation

( )1, ( ) ( ),
, [ ] : ( ) i S i ij ijS j j

i j N S i j u u or u u−∀ ∈ ≠ ⇒ > >

 A matching S is stable if there is no pair  (i,j) such that

user  i  prefers channel  j  over his own channel S(i), and j

“prefers” i  over its user S-1(j).  In detail:
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Example: The general stable marriage problem
 In general each man and each woman has its own 

ranking

 There is no way to compare the “quality” of the various 
matchings
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The general matching problem

( )

In general there is no unique stable matching
The set off all stable matchings has nice structure
Average number of matchings is logO N N
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Uniqueness of the stable matching in the 
frequency allocation problem!
Theorem: There is a unique stable matching for the 

channel allocation problem

Proof: 

( )

0 0

0 0

Let  be the utility matrix where  is the utility of user  

when using channel 
Obviously if is the maximal element of  then every stable 

matching must match  to  
By induction we can 

ij ij

i j

u u i

j
u

i j

=U

U

0 0now delete row  and column  and apply 
the procedure to the new matrix.
We obtained a centralized algorithm (greedy) which computes 
the unique stable matching. 

i j
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Lower Bound on Total Stable Utility
 We prove that the stable utility (i.e. the total utility u(S)

of the stable matching S) is at least 0.5 of the optimal 

utility.  The proof does not depend on the statistics of 

the wireless channels. 

 In detail, if v1>v2>…>vN are the utilities of the stable 

matching S, and w1>w2>…>wN are the utilities of an 

optimal matching P, we show that  v1 ≥ w1  ,  v2 ≥ w3  ,      

v3 ≥ w5 , etc.  Hence:

u(P) = w1+w2+w3+w4+…+wN ≤ v1+v1+v2+v2+… ≤ 2u(S)
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Gale-Shapley Algorithm 

The following distributed implementation of the Gale-Shapley 
algorithm converges to the stable matching: 

Initialize every user to be roaming.  

At every time slot:  

(i) every roaming user switches to the best channel he hasn’t 
visited yet;  

(ii) (ii) for every channel j the best user on j  is declared to be 
non-roaming, and all other users are declared roaming.  
This is facilitated by an opportunistic CSMA frame.
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Example of Gale-Shapley algorithm

Ch 1 Ch 2 Ch 3 Ch 4 Ch 5

User 1 45 26 16 89 11

User 2 52 10 18 60 34

User 3 24 90 23 31 70

User 4 50 19 22 49 20

User 5 58 76 35 13 15

t=1
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Example of Gale-Shapley algorithm

Ch 1 Ch 2 Ch 3 Ch 4 Ch 5

User 1 45 26 16 89 11

User 2 52 10 18 60 34

User 3 24 90 23 31 70

User 4 50 19 22 49 20

User 5 58 76 35 13 15

t=2
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Ch 1 Ch 2 Ch 3 Ch 4 Ch 5

User 1 45 26 16 89 11
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User 4 50 19 22 49 20

User 5 58 76 35 13 15

t=3
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Stable allocation: total rate is 293

Ch 1 Ch 2 Ch 3 Ch 4 Ch 5

User 1 45 26 16 89 11

User 2 52 10 18 60 34

User 3 24 90 23 31 70

User 4 50 19 22 49 20

User 5 58 76 35 13 15

Final
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Optimal allocation: total rate is 309

Ch 1 Ch 2 Ch 3 Ch 4 Ch 5

User 1 45 26 16 89 11

User 2 52 10 18 60 34

User 3 24 90 23 31 70

User 4 50 19 22 49 20

User 5 58 76 35 13 15
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Stable Matching – Expected Total Utility

 Simulations of Rayleigh fading channels (SNR = 0dB) suggest 

that the expected stable utility is at least 0.97 of the expected 

optimal utility (for                              ) :2 160N≤ ≤
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Stable Matching – Convergence Time

 The worst-case convergence time of the above Gale-

Shapley algorithm is O(N2).  This is also true in the 

special case of preferences given by a single utility

matrix.

 Simulations suggest that the expected convergence 

time of the Gale-Shapley algorithm, in our special case, 

is O(N) for Reyleigh fading i.i.d channels.

This is still unsatisfying! Can we do better?
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Multichannel Opportunistic CSMA (MOX) 

Each user monitors all channel (multichannel carrier 
sesnsing)

Back-off is monotonically decreasing with rate available on 
the channel

User with higher rate receives priority!

During a contention period users can instantaneously 
decide to shift to another channel, if the first channel in 
their list is busy
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Instanteneous stable matching – back-off functions

16 14 25
50 100 10
20 30 12

U
 
 =  
  
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MOX convergence
 Convergence in a single packet!

 At each packet the systems converges to the stable 
matching!

 Gale Shapley is replaced by carrier-sensing

Problems: 

 Requires fast channel switching of the transmitter

 Requires infinitely many levels of channel quality to 
prevent collisions, or assuming all N2 rates are different 
(e.g. when rates are continuous) this CSISM

– with quantization – simulations suggest O(log N) 
convergence



Page 46
June 2011

Carrier Sense Stable Matching - monitoring a single 
channel 
 Since users are cognitive we can exploit the 

opportunistic CSMA frame further.

 CSSM variant: each user considers only channels 
where he offers an improvement.  He acquires the 
updated channel qualities by following the opp-CSMA 
frame of all channels.  We still converge to the stable 
matching!

 The worst case convergence time of the CSSM variant 
is easily shown to be N.

 Simulations suggest that the expected convergence 
time of the CSSM variant is O(log N).
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Polite allocation
 We also define Polite allocation: each user considers at each 

slot only the free channels, and chooses the best channel for 
him.

 One advantage of this protocol is that here we can prove that 
the expected convergence time is O(log N).

 Another advantage of Polite allocation is that users need less 
signal processing capabilities than with CSSM – they need 
not follow the rates of other channels, only whether they are 
free or busy. 

 Simulations suggest that the expected total rate of Polite 
allocation is very similar to Stable Matching – the difference is 
less than 0.5%.
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Simulation results

 We first compare the rates of the Optimal, Stable and 
Polite allocation schemes for i.i.d Rayleigh channel
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Gain compared to random allocation
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Performance of quantized CSSM (0dB)
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Simulation results: convergence time

 We show the expected convergence time of the various 
protocols for continuous rates; for Q=60 quality levels; 
and for Q=4 quality levels:  
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Summary
 Multichannel opportunistic CSMA is an important tool 

for cognitive radio – removes overhead of signaling!

 Monitoring all channels benefits from frequency 
diversity!

 Stable matching is a good sub-optimal solution
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Extensions
 Distributed allocation using game theoretic techniques –

– Nash Bargaining

– Generalized Nash Bargaining

– Leshem & Zehavi in preparation / IEEE Israel 2010

 Distributed solution for the optimal allocation 
– Using a distributed version of Bertsekas’ Auction algorithm

– Naparstek and Leshem in preparation

 Distributed weighted max-min allocations
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